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Part 1

Relations and Functions

1 Relations

1.1 Reflexive

aRa

1.2 Symmetric

aRb — bRa

1.3 Transitive

aRbANbRc — aRc

1.4 Equivalence

If a relation is reflexive, symmetric and transitive, it is an equivalence relation.



2 Functions

2.1 One-one (injection)

If f(a) = f(b) = a =0, f(x) is a one-one function.

2.2 Onto (surjection)

A function f: A — B is onto if every element of B has a pre-image in A.

2.3 Bijection

A function f(z) is a bijection if it is both one-one and onto.

2.4 Composition

2.5 Inverse

Function must be one-one.

Horizontal line test.

Reflection in y = z.

Iff:A— B, f1:B— A.



3 Binary Operations

Number of binary operations = n"’

3.1 Properties
3.1.1 Commutative

axb=bxa

3.1.2 Associative

ax(bxc)=(axb)*c

3.1.3 Distributive Law

ax(b®c)=(axb)® (axc)

3.2 Identity Element

e € S is the identity element wrt * on S if the following holds for every = € S.

EXT =T *Ee =0T

10



4 Inverse Trigonometric Functions

_ 41
esc g =sin™! =
x
sec 'x =cos™! =
tan~! 1 x>0
1 T
cot” " =
T+tan' Ll oz <0
sin”!(—z) = —sin" 'z
csc M (—x) = —csc
tan ' (—z) = —tan"'z

cos !(—x) =7 —cosx

sec ! (—x) =7 —secx

cot ™ (—x) =7 —cotx

sin'x+cos =

tan~ !z + cot™la =

[V

csc + sec lz =

ol 3

11



If zy < 1,

tan"!z + tan~! Yy = tan~! Ity
1—2ay
If zy > -1,
‘can_la:—tam_lyztam_1 S
1+ 2y
If 22 < 1,
x 21 1—a?
2tan~! 2 — tan—! _ ain—l _ -1
an” an 1.2 sin 1422 cos 1122

2sin" !z =sin"! (296\/ 1-— m2)

2cos 'x =cos™(22% — 1)
3sin~! 2 = sin~ ! (32 — 42%)

3cos 'z = cos™! (4% — 32)

3
13T -z

3tan 'z =tan! ——
1—3z2

If <conditions>,

sin™!z 4 sin"'y =sin~! (z\/l — 2 +yV1— xz)

If <conditions>,

sin"'z —sin" !y =sin"? (:v\/l —y? — y\/l - IE2)

12




cos 'a+cos Tty =cos™! (:vy —V1-22-/1- y2)

13



Part 11

Algebra

5 Determinants

ka

a+x
b+y
c+z

g+ka

Ll

a b ¢

a b

kb kc

h+ kb

i+ ke

14

c|=0




a+ld+mg d g a d g
b+le+mh e h|=|b e h
c+lIlf+mi f i c f i

1 1
b ¢
B

=(a=b)(b—c)lc—a)(la+b+c)

15



6 Matrices

6.1 Adjoint
a b d -b
adj =
c d —c a
[ e d d el
.
h 1 g i g h
a b ¢
. b ¢ a c¢ b
adj |d e f|=|- + -
h 1 g 1 g h
g h 1
b ¢ a c a b
+ - +
e f d f d e|]
6.2 Inverse
A has an inverse only if A is non-singular (|A| # 0).
_ djA
Ar=2
Al
6.3 Inverse by elementary operations
A=1TA
’ ‘ Row-wise Column-wise
1 RZ(—>R] CZ<—>C]

6.4 Properties

ladjA| = |AJ

(AB)"'=pB7'A™!

16



6.5 Area of a triangle

Vertices: (x1,91), (%2,%2), (73,¥3).

1 y1 1

1
A= 3%z 92 1
x3 y3 1

6.6 Symmetric and skew-symmetric matrices
1 L1 ,
A=S(A+A)+5(A-4)

2(A+ A’) is symmetric and (A — A’) is skew-symmetric.

6.7 Solving equations

6.7.1 Conditions

’ |A| ‘ (adjA)B ‘ Singularity Number of solutions Consistency
|A] #£0 N.A. Non-singular Unique solution Consistent
(adjA)B #0 ) No solution Inconsistent

Al =0 - Singular - - -
(adjA)B =0 Infinitely many solutions | Consistent

6.7.2 2 variables, 2 equations

air+by=p
azx + by =¢q
ar bi||z| |p
az ba| |y q




aka AX =B

X=A"1'%xB

6.7.3 3 variables, 3 equations

amr+biy+cz=p
a2x + bay 4+ caz = q

asx + b3y +c3z=r

ar b« T P
as by cof| |yl = |q
ag by c3| |z r
aka AX =B
X=A"1'%B

18



Part II1

Calculus

7 Continuity and Differentiability of Functions

7.1 Conditions For Continuity
e f(a) is defined

e lim,_,, f(z) exists

o lim,,, f(z) = f(a)

7.2 Conditions For Differentiability

Rf/(a):}ILILHOf(a_Fh})L_f(a)

Lf’(a) _ }llll% f(a’ — }i)h_ f(a)

f(z) is differentiable at © = a if Rf'(a) = Lf'(a)

19



8 Differentiation

dx (COnstant) =0




i(Cos x) = —sinzx
dz B

d
— (tanz) = sec®

dx

d
d—(cot r) = —csc’x
x

—(secx) =secx tanx

dx

d
—(cscx) = cscx cot x

dx

d (si . ) 1

—(sin" "z _—

dx V1 — 22
d 1 -1

a(cos x) Wi
d . 1
a(tan x) 2
d . -1
g(cot x) = T2

d (sec™ ! z) L
= )=
dx |x|vz2-1

d (csc™t ) 1
= )= —
dx |x|vVz2-1

If y = [f(2)]9®), take the logarithm of both sides and then differentiate.

21



Table 1: Differentiation by substitution

Expression \ Substitution to perform
a® — 2?2 Put x = asint or x = acost
a? + 22 Put x = atant or x = acott
% — a2 Put x = asect or x = acsct
a—x a+x _ .
\/a+X or /== Put x = acost
acosx bsinx Put a =rcosa, b=rsina

22




9 Indeterminate Forms of Limits

23



10 Mean Value Theorems

10.1 Rolle’s Theorem

If f(x) satisfies the following conditions:

e f(x) is continuous in the closed interval [a, b]

e f(x) is derivable in the open interval (a,b)
o fla)=f(b)
. then there exists at least one real number z = ¢ in the open interval (a,b)
such that f/(c) = 0.
10.2 Langrange’s Mean Value Theorem

If a function f(x) defined in the closed interval [a,b] satisfies the following

conditions:

e f(x) is continuous in the closed interval [a, ]

e f(z) is derivable in the open interval (a,b)

. there exists at least one value of z, ¢, in the open interval (a,b) such that
F(c) = f(b)—f(a)

b—a :

24



11 Applications of Derivatives
11.1 Tangents and Normals

_dy Y
mfdx(l)

11.2 Approximations

11.3 Rate Measuring

d
Rate of change of y = d—y x Rate of change of x
x

dy _dy  dt
de dt ~ dx
11.4 Monotonocity
>0 tan is acute
dy | <0 tan is obtuse
dz | _ 0 tany =9 =0
is undefined ¥ = 90°

increasing  f/'(z) >0
f(z) { decreasing  f'(x) <0
0

constant  f'(x) =

25



12 Maxima and Minima

Minima Maxima

d2 d2
ﬁ>0 ﬁ<0

S—Z goes from — to + % goes from + to —

26



13 Indefinite Integrals — Standard Forms

:CnJrl
/x"dx = +C
n+1

(ax + b)"+!

(n+1)a +c

/(ax+b)”dz:
/cosxdx:sinx—i-C
/sinxdx:—cosm—i—C
/sec2xdx:tanx+0
/cchgcdm:—cotx—i—C

/cscxcotxdﬂcz—cscx—i—C
/secztan:cdx:secx+0
/tanxdz:1n|secx|+0
/cotmdx:1n|sin:v|+C
/cscxdx:1n|csc:r—cotx|+C:1n‘tang‘ +C
x

/secxdx =In|secx + tanzx| + C = ln‘tan (% + 5)‘ +C

27



14 Indefinite Integrals — Methods of Integration

1
—— dzx=sin"tz+C
/\/1 —z2
/;dx*cosflirC
Vi—z2

1
— dz=tan"'z+C
1+ 22

-1
— — dz=cot ™tz +C
14 22

1 —1
/|m| = _71dx =sec x4+ C
1 Gr=esclotc
W X = CSC T +

/ e [f(@) + f'(@)de = & - f(z) + C

Juae=s [aao- [|1 [ gia] ac

28



15 Indefinite Integrals — Special Integrals

d 1
/733 = -tan'Z 4 C
22 +a?2 a a

r—a

dzx 1
—_ =1 C
/9:27(12 2anx+a+
dzx 1 a+zx
_ =1 C
/aQ—:ﬁ2 2a . a—z +

dx
_ ) 2
/ x27a2—ln’x+ T j:a‘-ﬁ-C’

L4
=sin'Z 4+ C
a

/ dx
Va2

2
/\/xZiQde:g 9:2:|:a2:|:%1n‘x+\/x2:|:a2’+0

2
/\/cﬂ—a:de:E a2 —22+ —sin ' 40
2 2 a

15.1 [ Vaz?+ bz + cdz, [(pr+ q)Vaz? + bz + cdx

15.2 f asinr—l—bcosxdx

csinz+dcosx
Let A and B be constants. If N is the numerator and D is the denominator,

set:

N = A(D)+ B%(D)

15.3 [ —ZZl-dz (k may be 0)

Divide numerator and denominator by 22. Let t = z + % ort=x— % depending

on which t gives the numerator of the resulting integrand on differentiation.

29



15.4 f a+ljlcxos:r’ f a+l()i:in:p’ f do f a

acosz+bsinz’ acosx+bsinx+c

. . 2tan & 1—tan?
_ - 2 = 2
e Substitute sinz = attan? T7 COST = Togape

wlgfols

e Replace 1 + tan? 5 in the numerator with sec? 3

e Substitute ¢t = tan 3, dt = %Sec2 5

15.5 f a cos? ac—i(-ibxsin2 T+c
15.6 [ =,

15.7 [+/tanzdz, [vcotzdx

30



16 Definite Integrals

/abf(x)dx = /abf(t)dt

/abf(x)dx = —/ba f(z)dz

/aa f(z)dz =0

/acf(z)d;v - /abf(z)dz+/:f(x)dx

/abf(a:)dx:/abf(a—i—b—x)dx

/Oa flx)dz = /Oaf(a—x)dx

/:a fla)dz = /O f(z)da + /O £(2a — z)dz

/Qa f(x)dz = {2f0‘1 flz)dz  f(2a—=z) = f(z)
0 0 f(2a—2) = —f(2)

[ oo = {21‘5 fl@)da f(~z) = f()
—a 0

17 Definite Integral as a limit of a sum

b
/ f(@)de = Tm h[f(a) + fla+h)+ fla+2h) + ...+ fla+ (n— D))

h—0

nh=b—a

31



in{a+ 25 h} sin 4
sina+sin(a+h)+sin(a+2h) +- - -+sin (a + (n — 1)h) = sin {a 5 h}sin %y

s h
Sll’l§

cos {a + nTflh} cos ”7”

cosa+cos(a+h)+cos(a+2h)+---+cos(a+ (n —1)h) = ’

(¢0)3] b

32



18 Differential Equations

18.1 Variable Separable
18.1.1 9 — f(
A1 F2 = f(x)
18.1.2 du — f(
1.2 = f(y)
18.1.3 I = f(z)- ¢(y)
18.1.4 d—Z{ = flax + by +¢)

18.2 Reducible to Variable Separable

18.3 Homogeneous equations of first order

dy _ f(zy) _
18.3.1 gt =orn =m(Y)
Yy =vr

dy dv

@ T
18.4 Linear equations
1841 ¥ +Py=Q

IF — ef Pdzx

y-IF:/(Q-IF)da:+C

33



Part IV

Probability

19 Probability

n(ANB)
n(B)

P(A/B) =

P(ANB) = P(B) x P(A/B) = P(A) x P(B/A)

19.1 A and B are mutually exclusive

P(ANB)=0

19.2 A and B are independent events

P(A/B) = P(A)

P(B/A) = P(B)

P(AN B) = P(A) x P(B)

34



19.3 Geometric Progression

a

atar+ar? 4=
1—r

35




20 Bayes’ Theorem

P(E) - P(A/E)
P(E) - P(A/Ey) + P(Es) - P(A/Ey)

P(E1/A) =

P(E) - P(A/E))

P(E,/A) = P(E)) - P(A/E))+ P(E3)- P(A/Ey) + P(Es) - P(A/Es)

36



21 Theoretical Probability Distribution

o=+Vo?

21.1 Binomial Distribution

37



Part V

Vectors

22  Vectors

23 Vectors (Continued)

Part VI

Three-Dimensional Geometry
24 Three-Dimensional Geometry

25 The Plane

Part VII

Application of Integrals

26 Areas of a Curve
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Part VIII

Application of Calculus

27 Application of Calculus in Commerce and Eco-

nomics

C(z)=F+V(X)

Ac = %) _ apc iy ave
X

At the break-even point (say z3),

R(zy) = C(xs)
MC = % (C(a)] = ii
AFC = %
AVC = %

d

x

(AC) = %(MC _AC)

39
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Part IX

Linear Regression

28 Linear Regression

dependent on independent

dey =x; — T

dy:yi_

<

yonz

T ony

Regression line

Yy —T=byz(x — T)

x_T:bry(y_y)

Normal Equations

Ny=nc+md.zx

Srx=nc+md. y

Say=cY x+m)d. 2?

Yay=cYy+md y?

i i — %y — pla
Regression Coefficient bye =1 o byy = re
VT . _ Sd.d, _ Sd.d,
When deviations are taken from the mean byr = S byy = S
Sdpd, — 2222 Sdpdy — 22 2%
When deviations are taken from the assumed mean = s byy = — Ly
Y Nd2 — (Bdg) Y (zdy)
x n Ed?%*T
igi _ Yay— =224 _ Nay—=—"4
When original values are used byz = PR Y = 5
1. T

Point of intersection of the two regression lines is (Z, 7).

2. (dxdy)
V2 di Xy d;

41




Part X

Linear Programming

29 Linear Programming

42



Part XI

Appendices

A Useful Trigonometric Formulae

B Other Useful Formulae

a® £ = (a £0)(a® 4 ab + b?)

43
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